This paper concerns with a rigidity of core geodesics in hyperbolic Dehn fillings. For instance, for an n-cusped hyperbolic 3-manifold M having non-symmetric cusp shapes, we show any Dehn filling of M with sufficiently large coefficient is uniquely determined by the product of the holonomies of its core geodesics. We also explore various implications of the main results. An appendix by I. Agol provides an alternative geometric proof of one of the corollaries of our main arguments.
Introduction

Main results
The following is the main statement of Thurston's hyperbolic Dehn filling theory: Theorem 1.1 (Thurston) . Let M be an n-cusped hyperbolic 3-manifold and M (p 1 /q 1 ,...,pn/qn) be its (p 1 /q 1 , . . . , p n /q n )-Dehn filling. Then M (p 1 /q 1 ,...,pn/qn) is hyperbolic for |p i | + |q i | (1 ≤ i ≤ n) sufficiently large.
Topologically, M (p 1 /q 1 ,...,pn/qn) is obtained by adding n-geodesics to M so called the core geodesics of M (p 1 /q 1 ,...,pn/qn) . The following theorem was also proved by Thurston as a part of his hyperbolic Dehn filling theory: Theorem 1.2 (Thurston) . Let M and M (p 1 /q 1 ,...,pn/qn) be the same as above.
(1) For |p i | + |q i | (1 ≤ i ≤ n) sufficiently large, the first n-shortest geodesics of M (p 1 /q 1 ,...,pn/qn) are its core geodesics. (2) The lengths of core geodesics all converge to 0 as |p i | + |q i | → ∞.
In this paper, we prove a strong rigidity of core geodesics in hyperbolic Dehn fillings. Before stating the main results of the paper, we first introduce Definition 1.3. Let M be an n-cusped hyperbolic 3-manifold with cusp shapes τ 1 , . . . , τ n . We say M has non-symmetric cusp shapes if, for any i, j (1 ≤ i = j ≤ n), there are no a, b, c, d ∈ Z such that
If M has non-symmetric cusp shapes, then there is no self-isometry of M sending one cusp to another. Also note that the above definition implies each τ i is non-quadratic. Now we state the first main result of this paper: Theorem 1.4. Let M be an n-cusped hyperbolic 3-manifold having non-symmetric cusp shapes. Let t 1 (p 1 /q 1 ,...,pn/qn) , . . . , t n (p 1 /q 1 ,...,pn/qn) (where |t i (p 1 /q 1 ,...,pn/qn) | > 1)
be the set of holonomies of (p 1 /q 1 , . . . , p n /q n )-Dehn filling of M. For sufficiently large |p i | + |q i | and |p i |
then t j i (p 1 /q 1 ,...,pn/qn) a i = t j i (p 1 /q 1 ,...,p n /q n ) a i , for each 1 ≤ i ≤ n. Moreover, if a i = 0, then
When a i = a i = 1 for all i, the above theorem implies Corollary 1.5. Let M and t i (p 1 /q 1 ,...,pn/qn) be the same as above. For sufficiently large |p i | + |q i | and |p i | + |q i | (1 ≤ i ≤ n),
Complex volume
A question of Gromov
The following theorem is due to Thurston: Theorem 1.8 (Thurston) . Let M be an n-cusped hyperbolic 3-manifold. Then vol M (p 1 /q 1 ,...,pn/qn) < vol M for any (p 1 /q 1 , . . . , p n /q n ) and vol M (p 1 /q 1 ,...,pn/qn) → vol M
As a corollary, it follows that the number N M (v) of hyperbolic Dehn fillings of M having the same volume v is always finite. In 1979, Gromov raised the following question in his Bourbaki note [7] : Question 1 (Gromov) . For a given n-cusped hyperbolic 3-manifold M, does there exist c such that N M (v) < c for any v ∈ R?
Recently, the author answered the question partially as follows: Theorem 1.9. [12] Let M be a 1-cusped hyperbolic 3-manifold whose cusp shape is quadratic. Then there exists c depending only on M such that
The volume and Chern-Simons (CS) invariant of M are often considered simultaneously as the imaginary and real parts of the same complex number, so one defines the complex volume of M as 1 vol C M := vol M + i CS M mod iπ 2 Z.
Let N C M (v) be the number of Dehn fillings of M whose complex volumes are equal to v ∈ C (modulo iπ 2 Z). Then one may ask the following natural analogue of Question 1.
Question 2. Let M be an n-cusped hyperbolic 3-manifold. Does there exist c such that N C M (v) < c for any v ∈ C?
A quantitative approach to Theorem 1.8 was obtained by Neumann-Zagier in [14] , and later it was further generalized by T. Yoshida [17] . Theorem 1.10 (Neumann-Zagier, Yoshida) . Let M be an n-cusped hyperbolic 3-manifold. Then vol C M (p 1 /q 1 ,...,pn/qn) ≡ vol C M− π 2 log n i=1 t i (p 1 /q 1 ,...,pn/qn) + (p 1 /q 1 , . . . , p n /q n ) mod iπ 2 Z where (p 1 /q 1 , . . . , p n /q n ) → 0 as |p i | + |q i | → ∞ (1 ≤ i ≤ n). 1 Note that CS M is well defined modulo π 2 Z.
By the above theorem, log n i=1 t i (p 1 /q 1 ,...,pn/qn) is the majority part of the complex volume of M. Now we define the pseudo complex volume of M (p 1 /q 1 ,...,pn/qn) as
Then Corollary 1.5 immediately implies Theorem 1.11. Let M be an n-cusped hyperbolic 3-manifold having non-symmetric cusp shapes. Then any Dehn filling of M with sufficiently large coefficient is uniquely determined by its pseudo complex volume.
The following conjecture is now plausible:
Let M be an n-cusped hyperbolic 3-manifold having non-symmetric cusp shapes. Then N C M (v) = 1 for any v ∈ C sufficiently close to vol C M (modulo iπ 2 Z).
1.2.2.
Linear independence of pseudo complex volumes over Q If a hyperbolic 3-manifold M is a covering space of N , then it is well-known that vol M is a constant multiple of vol N . More generally, if two hyperbolic 3-manifolds belong to the same commensurability class, then their volumes are rationally related.
The following problem was proposed by Thurston in [16] and has been remained unsolved:
Problem 1 (Thurston) . Show that volumes of hyperbolic 3-manifolds are not all rationally related.
We consider an analogous problem for the pseudo complex volume case and get the following theorem. This is the second main result of the paper. Theorem 1.12. Let M be a 1-cusped hyperbolic 3-manifold having non-quadratic cusp shape and M p/q be its p/q-Dehn filling. For n > 0, if {p 1 /q 1 , . . . , p n /q n } is n distinct Dehn filling coefficients with |p i | + |q i | (1 ≤ i ≤ n) sufficiently large, then there are no a i ∈ Q\{0} (1 ≤ i ≤ n) such that
Inspired from this, we propose the following conjecture:
Conjecture 2. Let M be an 1-cusped hyperbolic 3-manifold having non-quadratic cusp shapes. For any n > 0, the volumes of n distinct Dehn fillings of M with sufficiently large coefficients are linearly independent over Q.
Finally we have the following definition and theorem. Definition 1.13. We say that α 1 , . . . , α n ∈ Q are multiplicatively independent if α a 1 1 · · · α an n = 1 for any (a 1 , . . . , a n ) ∈ Z n \{0, . . . , 0}. Theorem 1.14. Let M be an n-cusped hyperbolic 3-manifold having non-symmetric cusp shapes. Then, for sufficiently large |p i | + |q i | (1 ≤ i ≤ n), the holonomies of M (p 1 /q 1 ,...,pn/qn) are multiplicatively independent.
Key idea
The basic strategy is similar to the one attempted in [11] . Let M be an ncusped hyperbolic 3-manifold and X be its A-polynomial. If there exist two Dehn fillings of M satisfying (1.1), there exists a nontrivial intersection point between X ×X (⊂ C 4n ) and an algebraic subgroup of codimension 2n+1. Thus if there are infinitely many such pairs of hyperbolic Dehn fillings, we get infinitely many algebraic subgroup {H i } i∈I of codimension 2n + 1 satisfying
(1.2)
In [11] , we assumed the Zilber-pink conjecture to get the main arguments there. But in this paper, instead of the Zilber-Pink conjecture, we use a slightly weaker conjecture so called the torsion openess conjecture formulated by Bombieri-Masser-Zannier in [3] . We prove the conjecture for a special case, locally near a small neighborhood of the identity for the A-polynomial of any cusped hyperbolic 3-manifold. Since most Dehn filling points are distributed near a small neighborhood of the identity, this partial solution suffices for our purpose. It was proved by the author that the height of any point (1.2) is uniformly bounded (see Theorem 2.4) . Also, by the work of Bombieri-Masser-Zannier, the degree of any (1.2) is uniformly bounded except for those points lying over torsion anomalous subvarieties of X × X (see Theorem 3.2). Since there are only finitely many algebraic number of bounded height and degree, we get, possibly except for finitely many, almost all of
are contained in arbitrarily many torsion anomalous subvarieties of X × X . Now thanks to the aforementioned partial solution of the torsion openess conjecture, locally near the identity, the union of infinitely many torsion anomalous subvarieties of X × X are contained in only a finite number of maximal torsion anomalous subvarieties of X × X (see Theorem 3.3).
In conclusion, (1.3) is contained in the union of only finitely many torsion anomalous subvarieties of X × X . Finally, we get the desired result by analyzing the structure of each maximal torsion anomalous subvariety of X × X .
Outline of the paper
In Section 2, we study some necessary background. We go over basic concepts and theorems required in later sections, but no new results will be proved in this section. In Section 3, we provide preliminary lemmas and theorems needed in the proofs the main theorems. In particular, we state the torsion openess conjecture and prove it for a special case in Section 3.1. Section 4 is the heart of the paper and Theorems 1.4 and 1.14 will be shown in this section. In fact, we formulate and prove a stronger statement, and Theorems 1.4 and 1.14 then naturally follow as corollaries of this stronger one. Finally, we prove Theorem 1.12 in Section 5.
Background
A-polynomial
For a given n-cusped hyperbolic 3-manifold M, let T i be a torus cross-section of the i th -cusp of M and l i , m i be the chosen longitude-meridian pair of T i (1 ≤ i ≤ n). The A-polynomial of M is defined as
with the holonomies of l i , m i (1 ≤ i ≤ n) parameters. We typically denote the holonomies of l i , m i by M i , L i (1 ≤ i ≤ n). It is known that (2.1) is an n-dimensional algebraic variety in C 2n (:= (M 1 , L 1 , . . . , M n , L n )) and (1, . . . , 1) gives rise to the complete hyperbolic metric structure of M.
Dehn Filling
Let M be the same as above and
be the (p 1 /q 1 , . . . , p n /q n )-Dehn filling of M. By the Seifert-Van Kampen theorem, the fundamental group of M (p 1 /q 1 ,...,pn/qn) is obtained by adding the relations m p 1 1 l q 1 1 = 1, ... , m pn n l qn n = 1 to the fundamental group of M where m i , l i (1 ≤ i ≤ n) are meridian-longitude pairs as previously. Hence if X is the A-polynomial of M, then the discrete faithful representation φ : π 1 (M (p 1 /q 1 ,...,pn/qn) ) −→ SL 2 C corresponds to an intersection point between X and an algebraic subgroup defined by M p 1 1 L q 1 1 = 1, ... , M pn n L qn n = 1.
(2.2) We call (2.2) the Dehn filling equations with coefficient (p 1 /q 1 , . . . , p n /q n ) and a point inducing the hyperbolic structure on M (p 1 /q 1 ,...,pn/qn) a Dehn filling point corresponding to M (p 1 /q 1 ,...,pn/qn) . Let
where |t i | > 1 for each i (1 ≤ i ≤ n) be a one of the Dehn filling points corresponding to M (p 1 /q 1 ,...,pn/qn) . Then the holonomy of each core geodesic m s
We define {t 1 , . . . , t n } as the set of holonomies of (2.3) or M (p 1 /q 1 ,...,pn/qn) .
The following theorem is a part of Thurston's hyperbolic Dehn filling theory [14] [15]. Theorem 2.1. Using the same notation as above,
for every 1 ≤ i ≤ n .
By Theorem 2.1, most Dehn filling points are lying on a small neighborhood N X of (1, . . . , 1) in X . If
where (M 1 , L 1 , . . . , M n , L n ) ∈ N X , then the following statements hold in a neighborhood of the origin in C n with u 1 , . . . , u n as coordinates [14] .
(2) There is a holomorphic function Φ(u 1 , . . . , u n ) such that Φ(u 1 , . . . , u n ) is even in each argument, Φ(0, . . . , 0) = 0 and v i = 1 2
Thus the Taylor expansions of Φ(u 1 , . . . , u n ), v i (u 1 , . . . , u n ) are of the following forms:
respectively. We call τ i the cusp shape of T i with respect to l i , m i and Φ(u 1 , . . . , u n ) the Neumann-Zagier potential function of M with respect to
in C 2n (:= (u 1 , v 1 , . . . , u n , v n )) is denoted by log N X . Clearly N X and log N X are locally biholomorphic to each other and we call N X the Dehn filling subset of X .
Generalized A-polynomial
We extend the class of A-polynomials. Let X be an A-polynomial of some ncusped hyperbolic 3-manifold (n ≥ 2) and H be an algebraic subgroup defined by
We denote the image of X ∩ H under (2.14) by Pr i (X ∩ H) and the algebraic closure of Pr i (X ∩ H) by Pr i (X ∩ H). 2 Without loss of generality, let i = 1 in (2.14). If the holomorphic representations of log N X are given as in (2.6), then log(N X ∩ H) is the intersection between (2.6) and
(2.10)
Since (2.10) is equivalent to
by substituting (2.11) into (2.6), we get the holomorphic parametrizations of log
(2.12)
By abuse of notation, we call τ 2 , . . . , τ n the cusp shapes of Pr 1 (X ∩ H) and Pr 1 (N X ∩ H) the Dehn filling subset of Pr 1 (X ∩ H).
Motivated by this, we now extend the class of A-polynomials inductively as follows:
where the coordinates in (2.13) are the same as in Section 2.2 for k = 0 and obtained canonically by induction as below for k ≥ 1. For n ≥ 2, we define χ (k+1) n−1 to be the set of all the algebraic closure of
14)
and Pr j :
n is an n-dimensional variety and it is the projected image of the intersection between the A-polynomial Z of an (n + k)-cusped hyperbolic 3-manifold and an algebraic subgroup H of coimension k. Let N Z be the Dehn filling subset of Z. By abuse of notation, we call the projected image of N Z ∩ H in X the Dehn filling subset of X and denote it by N X . In fact, X possess similar properties to A-polynomials of n-cusped hyperbolic 3-manifolds. For instance, there are canonical coordinates
the cusp shapes of X . 3 If there exists an intersection point P between N X and an algebraic subgroup defined by
. . , M pn in L qn in = 1, then P is of the following form:
for some t 1 , . . . , t n ∈ C. By abuse of notation once again, if (2.16) is non-elliptic (i.e. |t i | = 1 for all i), we call (2.16) a Dehn filling point of X associated with filling coefficient (p 1 /q 1 , . . . , p n /q n ) and 
Height
The height h(α) of an algebraic number α is defined as follows:
Definition 2.5. Let K be an any number field containing α, V K be the set of places of K, and K v , Q v be the completions at v ∈ V K . Then
Note that the above definition does not depend on the choice of K. That is, for any number field K containing α, it gives us the same value. If α = (α 1 , ..., α n ) ∈ Q n is an n-tuple of algebraic numbers, the definition can be generalized as follows:
Definition 2.6. Let K be an any number field containing α 1 , ..., α n , V K be the set of places of K, and K v , Q v be the completions at v. Then
The following theorem due to D. Northcott.
Theorem 2.7 (D. Northcott). There are only finitely many algebraic numbers of bounded height and degree.
In [9] [10], the author proved the following theorem:
Theorem 2.8. Let M be a cusped hyperbolic 3-manifold and X be its A-polynomial.
Then the height of any Dehn filling point of X is uniformly bounded.
Anomalous Subvarieties
In this section, we identify G n with the non-vanishing of the coordinates x 1 , . . . , x n in the affine n-space Q n or C n (i.e. G n = (Q * ) n or (C * ) n ). An algebraic subgroup H Λ of G n is defined as the set of solutions satisfying equations x a 1 1 · · · x an n = 1 where the vector (a 1 , . . . , a n ) runs through a lattice Λ ⊂ Z n . If Λ is primitive, then we call H Λ an irreducible algebraic subgroup or algebraic torus. By a coset K, we mean a translate gH of some algebraic subgroup H by some g ∈ G n . For more properties of algebraic subgroups and G n , see [5] . Definition 2.9. An irreducible subvariety Y of X is anomalous if it has positive dimension and lies in a coset K in G n satisfying
If K is an algebraic subgroup, then we call Y a torsion anomalous subvariety of X .
The quantity dim X + dim K − n is what one would expect for the dimension of X ∩ K when X and K were in general position. Thus one can understand anomalous subvarieties of X as the ones that are unusually large intersections with cosets of algebraic subgroups of G n .
Definition 2.10. The deprived set X oa (resp. X ta ) is what remains of X after removing all anomalous subvarieties (resp. all torsion anomalous subvarieties). Definition 2.11. An anomalous subvariety of X is maximal if it is not contained in a strictly larger anomalous subvariety of X .
The following theorem due to Bombieri-Masser-Zannier tells us the structure of anomalous subvarieties [3] .
Theorem 2.12. Let X be an irreducible variety in G n of positive dimension defined over Q.
(a) For any torus H with
is a closed subset of X , and the product HZ H is not Zariski dense in G n . Now we restrict our attention to A-polynomials of hyperbolic 3-manifolds. Let X be the A-polynomial of an n-cusped hyperbolic 3-manifold. If log N X is defined by (2.7), then, for each i (1 ≤ i ≤ n),
is an anomalous subvariety of X .
Since we are only interested in N X , we further refine Definition 2.9 as follows:
Definition 2.13. Let X be a generalized A-polynomial in G n and N X be its Dehn filling subset. For an algebraic coset K, we say N X intersects K anomalously (or N X ∩ K is an anomalous subset of N X ) if
Preliminary Results
In this section, we prove several lemmas and theorems will play key roles in the proofs of the main theorems.
Torsion openess conjecture
As mentioned in Introduction, the following conjecture was proposed by Bombieri-Masser-Zannier [3] :
Conjecture 3 (Torsion openess conjecture). Let X be an algebraic variety and {H i } i∈I be the set of algebraic subgroups such that X ∩ H i is an anomalous subvariety of X . Then there exist a finite number of algebraic subgroups K 1 , . . . , K m such that
We resolve this conjecture locally near the identity for the A-polynomial of any cusped hyperbolic 3-manifold.
Theorem 3.1. Let X be a generalized A-polynomial such that X ⊂ C 2n (:= (M 1 , L 1 , . . . , M n , L n )).
Let {H i } i∈I be the set of algebraic subgroups intersecting N X anomalously. Then there exists a finite number of algebraic subgroups K 1 , . . . , K m such that
Then N X ∩ H is locally biholomorphic to the complex manifold defined by
where m 1 , . . . , m k ∈ Z. For m i = 0, dividing the i th equation of (3.1) by m i if necessary, we assume the equations in (3.1) are normalized as
where i ∈ {0, 1} and a ij , b ij ∈ Q. If i = 0 for all i, then N X ∩ H is an anomalous subset of N X containing (1, . . . , 1). By Theorem 2.12, since there are only finitely many maximal anomalous subvarieties of X containing (1, . . . , 1), we get the desired result.
Otherwise, without loss of generality, we assume i = 1 for 1 ≤ i ≤ l and
3)
Let H be an algebraic subgroup of codimension k − 1 defined by
where c i is an integer such that
Then log(N X ∩ H ) is the complex manifold defined by
(3.4) Since N X ∩H is an anomalous subset of N X , the dimension of log(N X ∩H) defined by (3.3) strictly bigger than n − k. Since log(N X ∩ H ) contains (0, . . . , 0), we have dim log(N X ∩ H ) = dim log(N X ∩ H) + 1 > n − k + 1.
In conclusion, N X ∩ H is also an anomalous subset of N X containing (1, . . . , 1). By Theorem 2.12, there are only finitely many maximal anomalous subsets of N X containing (1, . . . , 1) and so we get the desired result.
The following theorem was proved by Bombieri-Masser-Zannier in [2]: Theorem 3.2. Let X be a variety in G n of dimension k ≤ n − 1 defined over Q. Then for any B ≥ 0 there are at most finitely many points P in X ta (Q)∩H n−k−1 with h(P ) ≤ B where H n−k−1 is the set of algebraic subgroups of dimension n − k − 1 (or codimension k + 1).
Combining the above theorem with Theorems 2.8 and 3.1, we finally get the following theorem, which will be crucial in the proofs of the main theorems. If each P i is contained in an algebraic subgroup of codimension n + 1, then there exist a finite number of algebraic subgroups K 1 , . . . , K m such that
for all P i except for possibly finitely many.
Proof. By Theorem 2.8, the height of P i is uniformly bounded. By Theorem 3.2, possibly except for finitely many, most P i are contained in torsion anomalous subsets of N X . Now the conclusion follows from Theorem 3.1.
Miscellaneous Lemmas
In this subsection, we prove two lemmas required for the proof of the main theorems. The proofs of these lemmas are purely computational and elementary, and so a trusting reader can skip ahead at first reading.
be an integer matrix of rank 2, and τ be a non-quadratic number. If the rank of the following (2 × 2)-matrix
is equal to 1, then (3.5) is either of the following forms:
for some m ∈ Q or
Note that since (3.5) is a matrix of rank 2, a 1 b 2 − a 2 b 1 = 0 in (3.7) and
Proof. Since the rank of (3.6) is 1, we have
By the assumption, τ is not quadratic, so
(1) If none of a i , b i , c i , d i (i = 1, 2) are zero, then there exist m, n ∈ Q such that (a 1 , a 2 ) = m(c 1 , c 2 ), (b 1 , b 2 ) = n(d 1 , d 2 ).
(3.12) By (3.11), we get This implies that (a 1 , b 1 , c 1 , d 1 ) = t(a 2 , b 2 , c 2 , d 2 ) for some t ∈ Q, and it contradicts the fact that (3.5) is a matrix of rank 2.
One of a i , b i , c i , d i is equal to 0. By symmetry, it is enough to consider the case a 1 = 0. If a 1 = 0, then a 2 = 0 or c 1 = 0 by (3.9).
(1) If a 1 = a 2 = 0, then, by (3.10) and (3.11), we get
for some n, m ∈ Q. But this contradicts the fact (3.5) is a matrix of rank 2. (b) Suppose b 1 = 0 or b 2 = 0. Without loss of generality, we assume b 1 = 0. By (3.13), if b 2 = 0, then c 1 = d 1 = 0 and so a 1 = b 1 = c 1 = d 1 = 0. But this contradicts the fact that (3.5) is a matrix of rank 2. Thus b 2 = 0 and the matrix (3.5) is of the following form:
which is the case given in (3.8). (c) Suppose b 1 , b 2 = 0 and one of c i , d i is zero. Without loss of generality, we consider c 1 = 0. Then, by (3.13) ,
But this contradicts the fact that the rank of (3.5) is 2.
(2) If a 1 = c 1 = 0, then 
which is of the form given in (3.7). (b) If b 1 = 0, then a 1 = b 1 = c 1 = 0. Since (3.5) is a matrix of rank 2, we assume d 1 = 0. Then, by (3.14), we have a 2 = b 2 = 0 and so (3.5) is of the form given in (3.8). (c) If d 1 = 0, then a 1 = c 1 = d 1 = 0. Since (3.5) is a matrix of rank 2, we assume b 1 = 0. Then, by (3.14), we have c 2 = d 2 = 0 and so (3.5) is of the form given in (3.7). (d) If b 2 = 0 (with b 1 = 0), then d 2 = 0 by (3.14). Since we already dealt with the cases a 2 = 0 or d 1 = 0 above, we assume a 2 = 0 and d 1 = 0. By (3.14), we have m(b 1 , d 1 ) = (a 2 , c 2 ) for some m ∈ Q, and so (3.5) is of the following form
which is the case given in (3.7).
(e) If d 2 = 0, then b 2 = 0 or d 1 = 0 by (3.14) . But we already considered these two cases above. (f) If c 2 = 0, then a 2 = 0 or d 1 = 0 by (3.14) . We also covered these cases above.
be an integer matrix of rank 2, and τ 1 , τ 2 be algebraic numbers such that 1, τ 1 , τ 2 , τ 1 τ 2 are linearly independent over Q. If the rank of the following (2 × 2)-matrix
is equal to 1, then (3.15) is either
Proof. Since the rank of (3.16) is 1, and as 1, τ 1 , τ 2 , τ 1 τ 2 are linearly independent over Q, we have
If none of a i , b i , c i , d i (i = 1, 2) are zero, then (3.19)-(3.22) imply the two nonzero vectors (a 1 , b 1 , c 1 , d 1 ) and (a 2 , b 2 , c 2 , d 2 ) are linearly dependent over Q. But this is impossible because (3.15 ) is a matrix of rank 2. Without loss of generality, let us assume a 1 = 0. Then, by (3.19 ) and (3.21), we have the following two cases: (1) a 2 = 0. In this case, the problem is reduced to the following:
and (b 2 , c 2 , d 2 ) are linearly dependent over Q by (3.23) and (3.24), contradicting the fact that (3.15) is a matrix of rank 2. So at least one of b i , c i , d i (i = 1, 2) is zero and the situation is divided into the following two subcases. Otherwise, if c 1 = d 1 = 0, it contradicts the fact that (a 1 , b 1 , c 1 , d 1 ) is a nonzero vector. (b) c 1 = 0 or c 2 = 0 or d 1 = 0 or d 2 = 0 (with b 1 , b 2 = 0).
Here, also by symmetry, it is enough to consider the first case c 1 = 0. If b 1 , b 2 = 0 and c 1 = 0, then c 2 = 0 by (3.23), and (d 1 , d 2 ) = m(b 1 , b 2 ) for some m ∈ Q by (3.24) . But this contradicts the fact that (3.15 ) is a matrix of rank 2. (2) a 2 = 0 and so c 1 = d 1 = 0.
Since (a 1 , b 1 , c 1 , d 1 ) is a nonzero vector, b 1 is nonzero and c 2 = d 2 = 0 by (3.20) and (3.22) . As a result, we get c 1 = c 2 = d 1 = d 2 = 0, which is the second desired result of the statement. So the lemma holds.
Main Result I
In this section, we prove Theorems 1.4 and 1.14. As mentioned earlier, we formulate and prove a more general statement, Theorem 4.2, and then two theorems will follow as corollaries of this general one.
Before proving Theorem 4.2, let us start with the following lemma. be the cusp shapes of X with τ 1 , . . . , τ n non-symmetric. If H is an algebraic subgroup of codimension 2 such that N X ∩H is an anomalous subset of N X containing (1, . . . , 1), then N X ∩ H is contained in either
Proof. Let H be defined by
If the holomorphic representations of log N X are given as
then N X ∩ H is biholomorphic to the complex manifold defined by a 11 u 1 + b 11 (τ 1 u 1 + · · · ) + · · · + a 1(n+m) u n+m + b 1(n+m) (τ m u n+m + · · · ) = 0, a 21 u 1 + b 21 (τ 1 u 1 + · · · ) + · · · + a 2(n+m) u n+m + b 2(n+m) (τ m u n+m + · · · ) = 0. (4.4)
Since N X ∩ H is an anomalous subset of N X , (4.4) is a complex manifold of dimension (n + m − 1). Thus the rank of
which is the Jacobian of (4.4) at (0, . . . , 0), is equal to 1.
for some 1 ≤ i ≤ n + m. We further spilt the problem into the following two subcases. (a) First assume 1 ≤ i ≤ m or n + 1 ≤ i ≤ n + m. Without loss of generality, let i = 1. Since the rank of
is 1 for any j (1 ≤ j ≤ n + m), we get
by Lemma 3.5 and
for some l ∈ Q by Lemma 3.4. (b) If m + 1 ≤ i ≤ n, since the rank of
is 1 for any j (1 ≤ j ≤ n + m), we get a 1j = b 1j = a 2j = b 2j = 0 (4.11) for all j( = i) by Lemma 3.5.
for every i (1 ≤ i ≤ n + m). Without loss of generality, suppose a 11 + τ 1 b 11 = 0 and a 21 = b 21 = 0. If
for all 2 ≤ i ≤ n + m, then it contradicts the fact that H is an algebraic subgroup of codimension 2. If there exists i (2 ≤ i ≤ n + m) such that
then a 2i = b 2i = 0 by Lemmas 3.4 and 3.5, again contradicting the fact that H is an algebraic subgroup of codimension 2.
In conclusion, we get (4.3) is either one of the following forms:
for some 1 ≤ i ≤ n + m or
for some 1 ≤ i ≤ m and a, b ∈ Z. Since a 1i b 2i − a 2i b 1i = 0, the components of (4.14) and (4.15) containing (1, . . . , 1) are
and
respectively. This completes the proof.
Remark: Note that, in the statement of Lemma 4.1, there are only finitely many choices for a, b by Theorem 2.12. (One can also prove this directly from au i = bu n+i ⇐⇒ av i = bv n+i using the representations of v i , v n+i .) We will use this fact in the proof of the main theorem below. Now we prove the main statement. Note that Theorem 1.4 (resp. Theorem 1.14) is obtained by letting n = m (resp. m = 0) in the following theorem. and {t i1 , . . . , t i(n+m) } be the set of holonomies of P i (i ∈ N). If
then, for i sufficiently large, we have
Moreover, if a ij = 0, then
and there exists a finite subset S j ⊂ Q depending only on X such that a ij /a i(n+j) ∈ S j .
Proof of Theorem 4.2. Recall P i is an intersection point between X and an algebraic subgroup defined by
where p ij s ij − q ij r ij = 1 (i ∈ N, 1 ≤ j ≤ n + m). So P i is an intersection point between N X and an algebraic subgroup of codimension n + m + 1. By Theorem 3.3, there exists a finite number of algebraic subgroups K 1 , . . . , K l such that
is an anomalous subset of N X and
for all i sufficiently large. Without loss of generality, suppose l = 1, K := K 1 and
We prove the theorem by induction on n + m. 
(4.24) for i sufficiently large. Finally, if a i1 , a i2 = 0, we have a i1 a i2 = a b by (4.24) (and (4.19) ). Since there are only finitely many possibilities for a, b, we get the desired result.
(2) Now suppose n + m ≥ 3 and the theorem holds for 2, . . . , n + m − 1.
(a) If K is of codimension 2, then, by Lemma 4.1, we get N X ∩ K is contained in
for some 1 ≤ j ≤ m and a, b ∈ Z. Without loss of generality, suppose j = 1 and K is defined by
for i sufficiently large. Let
Then Pr X 1 is a generalized A-polynomial in χ (k+1) n+m−1 with the cusp shapes τ 2 , . . . , τ n , τ n+1 (= τ 1 ), . . . , τ n+m (= τ m ), and Pr P i is a (p i2 /q i2 , . . . , p i(n+m) /q i(n+m) )-Dehn filling point of Pr X 1 with the set of the holonomies {t i2 , . . . , t i(n+m) }.
By (4.26), (4.19 
(4.27)
Since Pr X 1 ∈ χ (k+1) n+m−1 , by induction, we get
for i sufficiently large. If a i(n+1) = a i1 = 0, then we are done. Otherwise,
Since there are only finitely many possibilities for a and b, we get the desired result.
(b) Now suppose codimen K ≥ 3. Applying Gauss elimination if necessary, we assume K is defined by the following types of equations:
(4.29)
Without loss of generality, we further suppose (a 11 , b 11 ) = (0, 0). 5 Let
and Pr : (M 1 , L 1 , . . . , M n+m , L n+m ) −→ (M 2 , L 2 , . . . , M n+m , L n+m ).
Then Pr X 1 is a generalized A-polynomial in χ (k+1) n+m−1 with cusp shapes τ 2 , . . . , τ n , τ n+1 (= τ 1 ), . . . , τ n+m (= τ m ), and Pr P i (i ∈ N) is a (p i2 /q i2 , . . . , p i(n+m) /q i(n+m) )-Dehn filling point of Pr X 1 with the set of the holonomies
The third equation in (4.29) implies the holonomies of Pr P i are multiplicatively dependent, so, by induction, there exists some j (2 ≤ j ≤ m) and a finite set S j of rational numbers such that
and t ij = (t i(n+j) ) r (4.31) for all sufficiently large i with some r(= b/a) ∈ S j . Without loss of generality, suppose j = 2. Then (4.30) and (4.31) imply
Pr : (M 1 , L 1 , . . . , M n+m , L n+m ) −→ (M 1 , L 1 , M 3 , L 3 , . . . , M n+m , L n+m ). 5 If a11 = b11 = 0, then we apply Gauss elimination again.
Then Pr X 2 is a generalized A-polynomial in χ (k+1) n+m−1 and Pr P i is a (p i1 /q i1 , p i3 /q i3 , . . . , p i(n+m) /q i(n+m) )-Dehn filling point of Pr X 2 with {t i1 , t i3 , . . . , t i(n+m) } the set of the holonomies of Pr P i . By (4.31), (4.19 ) is reduced to
(4.32) By induction,
for i sufficiently large. If a i(n+2) = a i2 = 0, then we are done. Otherwise,
Since there are only finitely many possibilities for r, we get the desired result.
Main Result II
This section is devoted to the proof of Theorem 1.12. The basic strategy of the proof is similar to that of the proof of Theorem 4.2 in the previous section. Let M be a 1-cusped hyperbolic 3-manifold having non-quadratic cusp shape and X be its A-polynomial. For X (n) := X × · · · × X ⊂ C 2n (:= (M 1 , L 1 , . . . , M n , L n )), which is the product of n identical copies of X , we consider it as the A-polynomial of an n-cusped hyperbolic 3-manifold.
The following lemma is a refined version of Lemma 4.1.
Lemma 5.1. Let X (n) be as above. Let H is an algebraic subgroup of codimension 2. If N X (n) ∩ H is an (n − 1)-dimensional anomalous subset of N X (n) containing (1, . . . , 1), then N X (n) ∩ H is either contained in
Before proving the lemma, we cite the following, which is Lemma 2.3 in [12] .
Lemma 5.2. Let M be a 1-cusped hyperbolic 3-manifold and X be its A-polynomial.
is the holomorphic representation of log N X , then there exists i (i ≥ 2) such that c 2i−1 = 0. In other words, (5.1) is not linear.
Proof of Lemma 5.1. Let H be defined by
Since X (n) is the product of n copies of X , the holomorphic representations of
where h is a non-trivial (by Lemma 5.2) holomorphic function of degree ≥ 3. Now N X (n) ∩ H is biholomorphic to the complex manifold defined by
Since N X (n) ∩ H is an (n − 1)-dimensional anomalous subset of N X (n) , (5.2) is an (n − 1)-dimensional complex manifold. Thus the rank of
which is the Jacobian of (5.2) at (0, . . . , 0), is equal to 1. Without loss of generality, suppose 6 det a 11 b 11 a 21 b 21 = 0. (5.5)
Since the rank of det
is 1 for any i (2 ≤ i ≤ n), by Lemma 3.4, we get
for each i (2 ≤ i ≤ n). Now (5.2) is
for all 1 ≤ i ≤ n, it contradicts the fact that H is an algebraic subgroup of codimension 2 (as seen in the proof of Lemma 4.1). and, since a 11 b 21 − a 21 b 11 = 0, it is equivalent to
Since (5.9) defines an (n − 1)-dimensional complex manifold, two equations in (5.9) are equivalent to each other. That is, if
is the zero polynomial. Let
. Then the part of homogeneous degree k in (5.10) is
It is easy to check (5.11) is the zero polynomial iff l i = 0 for at most one i (2 ≤ i ≤ n).
(1) If l i = 0 for all i (2 ≤ i ≤ n), then N X (n) ∩ H is contained in
(2) Suppose l i = 0 for only one i and, without loss of generality, we assume l 2 = 0 and l i = 0 for all 3 ≤ i ≤ n. Then (5.11) is
Since k is odd, (5.12) is the zero polynomial iff l 2 = ±1. In other words, N X (n) ∩ H is contained in either
This completes the proof.
The following lemma is an analogue of Theorem 4.2 and the strategy of the proof is the similar to that of Theorem 4.2 using induction. Lemma 5.3. Let X (n) be the same as above. For |p i |+|q i | (1 ≤ i ≤ n) sufficiently large, if the holonomies of a (p 1 /q 1 , . . . , p n /q n )-Dehn filling point of X (n) are rationally dependent, then there exist k, l (1 ≤ k = l ≤ n) such that
Proof. More generally, suppose there exists {P i } i∈N such that, for each i ∈ N, P i is a (p i1 /q i1 , . . . , p i(n+m) /q i(n+m) )-Dehn filling point of X (n) and P i → (1, . . . , 1) as i → ∞.
(5.13)
We further assume the holonomies of each P i are rationally dependent. By Theorem 3.3, there are finitely many algebraic subgroups K 1 , . . . , K m such that
N X (n) ∩ K j for i sufficiently large. Without loss of generality, suppose m = 1 and K := K 1 . We claim that, for each i sufficiently large, there are k, l (1 ≤ k = l ≤ n) such that p ik /q ik = p il /q il .
We prove it by induction on n.
(1) For n = 2, since every anomalous subvariety is maximal and of codimension 1, N X (2) ∩ K is contained in either Let X (n−1) := X × · · · × X be the product of (n − 1)-copies of X . Then the third equation in (5.14) implies the holonomies of a (p i2 /q i2 , . . . , p in /q in )-Dehn filling point of X (n−1) are rationally dependent. By induction, for i sufficiently large, we get k, l (2 ≤ k = l ≤ n) such that
Finally we prove Theorem 1.12 which is restated below for reader's convenience.
Theorem 5.4. Let M be a 1-cusped hyperbolic 3-manifold having non-quadratic cusp shape and M p/q be its p/q-Dehn filling. For n > 0, if {p 1 /q 1 , . . . , p n /q n } is n distinct Dehn filling coefficients with |p i | + |q i | (1 ≤ i ≤ n) sufficiently large, then there are no a i ∈ Q\{0} (1 ≤ i ≤ n) such that a 1 pvol C M p 1 /q 1 + · · · + a n pvol C M pn/qn ≡ 0 mod iπ 2 Z.
Proof. On the contrary, suppose there exists a family {M p i1 /q i1 , . . . , M p in /q in } i∈N (5.15) of infinitely many n distinct hyperbolic Dehn fillings of M such that n k=1 a ik pvol M p ik /q ik ≡ 0 mod iπ 2 Z (a ik ∈ Z\{0}). Let X be the A-polynomial of M and X (n) := X × · · · × X .
For each i ∈ N, we consider {t p i1 /q i1 , . . . , t p in /q in } (5.23)
as the set of the holonomies of a (p i1 /q i1 , . . . , p in /q in )-Dehn filling point of X (n) . For each i ∈ N, since the elements in (5.23) are rationally dependent by (5.22 ), if i is sufficiently large, we get k, l (1 ≤ k = l ≤ n) such that p ik /q ik = p il /q il by Lemma 5.3. But this contradicts the assumption that (5.15) is a set of infinitely many n-distinct Dehn fillings for each i ∈ N.
(2) Now suppose n k=1 a ik = 0 (i ∈ N) (5.24) and pick i, j ∈ N sufficiently large such that 7
{p i1 /q i1 , . . . , p in /q in } = {p j1 /q j1 , . . . , p j1 /q j1 }. be the product of 2n-copies of X and consider {t p i1 /q i1 , . . . , t p in /q in , t p j1 /q j1 , . . . , t p jn /q jn } as the set of the holonomies of a (p i1 /q i1 , . . . , p in /q in , p in /q in , . . . , p jn /q jn )-Dehn filling point of X (2n) . Again by Lemma 5.3, we get k, l (1 ≤ k, l ≤ n) such that p ik /q ik = p jl /q jl . But this contradicts the assumption (5.25 
